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MycTb a(z) — aHanuTU4yecKkas B OKpecTHoCTU z = 0 dyHkums, D, = {z € C||z| < Rn} — Kpyr

mM-MepoOMOPEHOCTU DYHKUUN a(z), T.e. MaKCUMarnbHbIN OTKPbITLIA KPYr C LLEHTPOM B Hyne, B KOTOPbIN
a(z) npogormkaeTcs kak MepomMopdHasa dyHKUMSA, umetowwas He 6onee m nontocoB. k. Belikepom u
M. M'periBc-Moppucom (cm., Hanpumep, [1]) Bbina BbickazaHa runoTesa, YTo Ons MobbiX a(z) U m cy-
wecmeyem nodnocnedoeamensHOCMb Ty, m(2), n € A C N, m-ol cmpoku mabnuusi Made ons a(z),
pasHOMEPHO CX00AWasiCs K a(z) Ha Komnakmax, npuHadnexauwux D,, u He codepxawjux rnomocos a(z).
B.W. Bycnaesbim, A.A. ToH4yapom un C.I1. CyeTnHbiM [2] nOka3aHo, 4YTO rmnoTesa crnpaBeannea angd BCex
MePOMOPdHbIX PYHKLMIA Npu R,, = co. B obLem xe crnyyae npeanonoxeHue HEBEPHO, Kak NoKa3biBaeT
NPOCTON KOHTPrpUMeEp, NPUBEAEHHbLIN STUMU aBTOPaMM.

B paHHon paboTe Mbl paccMOTpUM CryyYain, Korga Ans paguycoB m-mMepoMopdHOCTM a(z) BbINOI-
HsieTcs ycnosue R, < R,,11, U NONYYMM HEKOTOpPblE AOCTATOYHbIE YCNOBMSA, NPU KOTOPbLIX rMnotesa
Benkepa-I'pensc-Moppuca BepHa. Jlerko BuaeTb, 4Yto R, < R,,+1 TOrga v TONMbKO TOraa, Korga B 3aMKHY-
TOoM Kpyre |z| < R, NeXuUT pOBHO m + 1 nontocoB. [103ToOMy K CTPOKE C HOMEPOM m NPUMEHNMa Teopus,
passuTas B cTatbsix [3-4].

MNycTb 21, ..., z¢—Nontockl a(z) BKpyre |z| < R,, KpPATHOCTEN s, . . ., Sp, COOTBETCTBEHHO; S1+. ..+ 57 =
m + 1. ACMMNTOTMYECKOe MoBeAeHNe MOCnefoBaTenbHOCTU T, ., (z) MPU n — oo B 3TOM Cryyae B
OCHOBHOM onpegensaeTca apupMeTU4HeCKONn NpMpoaov AOMUHUPYIOLWMX MOSMOCOB 21, ..., 2, PYHKLUN
a(z). JOMUHUPYOLLMMK NOMNOCAMMN Mbl Ha3biBaEM Te MOMIOChI a(z), Nexaline Ha OKPYXXHOCTU |z| = R,
KOTOpble MMEKT MaKcumarbHYl KpaTHOCTb. B pabote [3] HanaeHbl npedenbl BCEX CXOOALMXCS Nnoa-
nocnefoBaTtenbHOCTeN 7, (z) W NOKa3aHo, YTO NpeaerbHble TOYKNM MHOXEeCTBa MoMiCcoB nocreaoBa-
TENbHOCTU {7y m(2)}, -, COCTOAT U3 MOMKCOB 21, . . ., z¢ MYHKUNN a(z) N MHOXeCTBa Ny AOMNONHUTENb-
HbIX MpefenbHbIX TO4YeK, COCTOSILLEro U3 Hynen CemencTBa MHOMOYNEHoB w(z,7) = > 7 CjA;(2)T,
7= (mn,...,7,) € F. 3necb F — moHOTEeTM4YeCKasa noarpynna Topa T”, nony4yeHHas 3amMmbiKkaHUEM LMKIN-
4ecKoil rpynnbl ¢ o6pasytoLent (2701 .. e?™Ov): 21i©; — apryMeHT z;. OTa rpynna siBHO Bbl4MCNEHa
B [3]. Popmyna Ansa BblYUCNEeHUs KoadduumeHToB C'; UMeeT Bua:

1

si—1
(sj — D2 " D3(2))A;

)

D(z) D(z) = (z—2z1)" ... (2 — 2¢)* N Aj — KOODULNEHT NpU (z — z;) % B pasnoxXeHum

rae Dj(z) = (

z—2j)%"

a(z) B pan JlopaHa B OKpecTHOCTW nonioca z = z;. MHorouneHsl Aj(z) onpeaensoTca CneayoLwmm

%, Alz)=(z—21)...(2 — z).

obpasom: Aj(z) = G—z))
J
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leomeTpusi MHOXecTBa N BO MHOMMX BaXkKHbIX Criyyasix onucaHa B [4]. B yacTtHocTu, A Bcerga
cofepxuTcsi B MHOXecTBe N, KOTOpOoe COCTOUT 13 Touek kommrekcHor nnockoctu C, yaoBneTBopsitoLLmMx
HepaBeHCTBaM

14
CiA;(2)] < > [Cl(2)], G=1,...,1.

k=1

k#3j
MHoxecTBo NV MOXeT coBnagatb ¢ N. OTO ocyLlecTBnsieTcs, Hanpumep, ecn ©g = 1,04,...,0,
NIMHEHO He3aBUCUMbI HaZ MoneM paumoHanbHbiX Yucen Q unu ecnm Oy = 1,04,...,0,_1 NUHENHO
He3aBUCUMbI, a O, - paumoHanbHoe yucno (cMm. [4], Teopema 3 1 Teopema 4).
Vimes aTo onncaHne MHOXeCTBa NpeaenbHbIX TOYEK NOMCOB {7y, (%)}, ,, Mbl MOXEM yKasaTb He-
KOTOpble A0CTaTOYHbIE YCNOBMSA, NPW BbINOSIHEHUK KOTOPbLIX rMnoTe3a berikepa-Ipenisc-Moppuca BepHa.

1. Teopema 1 un3 [4] yTBepaaerT, 4To npu ycnosun R, < R,,+1 U v = 1 runotesa crnpaseanunea, npuyem
ans A = N. OkasblBaeTcst, YTO TeopeMa 2 13 Tow e paboTbl BrieveT 3a cobor cnpaBeanMBOCTb MMNoTe3bl
mnpuv =2.

Teopema 1. llycmb R,, < R,,4+1 U byHKUUA a(z) umMeem d8a OOMUHUPYOUWUX ronca zy, ze. To-
20a cyujecmsyem nodrnocnedoeamesibHOCMb Ty, m (2), PABHOMEPHO CX00AWasACs K a(z) Ha KoMnakmax,
npuHadnexauwux D,, u He codepxaujux noncos a(z).

[okasaTtenbcTBO. [pn v = 2 4ONONHUTENbHbIE NPEAENbHbLIE TOYKMN NEXaT Ha OKPY)XHOCTX Anonno-

z—2 &)
HUA o = Cs (cMm. [4], Teopema 2) 1 MHOTOUNEHbI w(z, T), KOPHAMU KOTOPbIX ABMASIOTCSA 3T TOYKW,
MMEIOT MO NEPEMEHHON z CcTeneHb 1.

[nsa gokasatenbcTBa TEOPEMbI JOCTAaTOMHO NoKa3aTh, YTo HangeTcsi Touka m € [F, Ans kotopon KopeHb
MHoOrouneHa w(z, 7) byaeT nexartb BHe kpyra |z| < R,,. Vickomas nocrnenoBatenbHOCTb HOMepoB A byaeT
Toraa A (cM. Teopemy 1 u3 [3]).

B cnyyae, korga noniochkl z1, zo HE NexXart B TOYKax AENEHNs OKPYXKHOCTM |z| = R,, Ha paBHble YacTy,
3TO 0O4EBWUAHO, NMOCKOMbKY OKPYXHOCTb |z| = R,, W OKPY>XHOCTb ANONMOHMWS, LEENIMKOM cocToswas 13
AOMNONHUTENbHBIX NPeAernbHbIX TOYeK, OpToroHanbHbl. CnegoBaTtenebHo, BHE Kpyra |z| < R,, HaxoguTcs
6eCKOHEeYHO MHOMO KOPHEW MHOTOYNEHOB w(z, 7).

IMycTb Tenepb NOMKOCHI z1 U zo NEXAT B TOMKAX AENEHUS OKPY)XHOCTU Ha o PaBHbIX YacTeMn:

2mik

21 =Rme®, z=znec, 0<k<o-—1.
Mo Teopeme 5 13 ctaTbu [4] MHOXeCTBO Ny €CTb 06beAMHEHNE MHOXECTBA HyIlei MHOMOUNEHOB wj(z) =
C12](z — 22) + Cazd (2 — z1). ‘ A
Ecnu nmeeTcs BbIpoXaeHVe, T.e. Anst HEKOTOPOro (EAVHCTBEHHOIO) jo cnpaBeanuneo Cyz1° +Caz3° = 0,

TO wj, (2) = const. 3HAUMT, MOCNEAOBATENBHOCTL HOMEPOB no + jo, n € N, ecTb UCKOMasi.
Mpeanonoxum Tenepb, Yto Cyz] + Ca2) # 0 ansiBeex j = 0,1,...,0 — 1. Torga

¢ = Ch2]29 + Co23 2
J ; ; b
012{ + CQZ%

— HYInM MHOTOYEHOB w;(2). ECrnn Bce aTu Hynn nexar BHYTPU OKPYXHOCTK |z| = R,,, TO cnpaseannso

2mik(j—1) 2mikj

)Cl—i-CQe 4 <‘Cl+026 o 7=0,1,...,0—1.

Taknm 06pa3om, AOMKHO BbINOMHATLCS HEPABEHCTBO

2mik 2mwik(oc—1) _omik

’Cl +0267U ‘ < ’Cl—i-CQe o = ‘Cl + Che™ o |,
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YTO HEBO3MOXHO. [M0aTOMYy XOTA Bbl ANA 0AHOro HoMepa jo, 0 < jo < o — 1, KOPEHb MHOrouneHa wj, (z)
nexwT B obnacty |z| > R,,. [ocnenoBatenbHOCTb HOMEPOB no + jo, n € N, n 6yaetr MCKOMOW. [ ]

v
2. Mpannua mHoxecTBa N ecTb nuHust L = J Lj, rae L; onpedensieTcs ypaBHeHNeM
=1

}CjA]’(z)‘: Z ‘CkAk(Z), jZl,...
k=1
k#j

Nerko npoBepuTb, YTO NINHKA L ; CUMMETPUYHA OTHOCUTESNIbHO OKPYXKHOCTY | 2| = R,,. NS nonyyeHns ewle
OOHOro 4OCTAaTOYHOIO YCNOBUSA CYLLIECTBOBAHMSA CXoAdALLEeNCcsa nognocneaoBarTernibHoCT1 HaM notTpebyeTca
ABe NpPOCTble NIEMMbI.

Nemma 1. Mycmpb w1, . .., w, — KOMAAEKCHbIE Yucia makue, 4mo wi + ...+ w, = 0 U |wi| = |wa| +
..+ |w,|. To2da ecnu wy = |wi|e?, mo w; = —|w;le™, j =2,...,v.

[okasaTtenbcTBO. be3 orpaHM4yeHnst 06LLHOCTM MOXHO CYMTATb, YTO wy — AENCTBUTENBHOE NOMOXN-
TenbHoe yuncno. Torga

wy = |wa|+ ...+ |wy| = —(Rewz + ... + Rew,).

370 o3Hauaer, 4YTo Rew; = —|wj|, T.e. w; = —|w;| ANA j =2,...,v. |
Nemma 2. []ns 1106bix pa3nuyHbIX MOYEK z1, . . . , 2, I€XKaUUX Ha OKPY>XHOCMU |z| = R, u 0ns fiiobbix
OelicmeumeribHbIX MOIOXUMErbHbIX YUCEN as, . . ., &, 8Ce HYIU payuoHaibHOU hyHKUUU

v

21 — Z;
1) =3 o5 —
- Z — Zj
J=2

nexam Ha okpyxHocmu |z| = R.

HokasaTtenbcTBO. [1peanonoxmm, YTo CyLLEeCTBYET HyIMb zo PYHKUMM f(z), HE NEXAaLLUMN Ha OKPYX-
z— 2z

HOCTU |z| = R. MpuMeHuUM apo6HO-NMHenHoe npeobpasoBaHne w = e . Tak KaK zy He NexuT Ha

Z— 20
OKPY>XHOCTU |Z| =R, T0 npeo6pasoBaH|/|e w nepeBoauUT 3TY OKPYXXHOCTb B OKPYXHOCTb, NpOXoadALlyto
yeped TOHKY w = 0. Yron « Bbl6epeM Tak, YTOObI OKPY>XHOCTb Haxoawunacb B NOfyniioCcKOCTU Rew > 0.

. Zi— 21 < o
Torga To4kM w; = e =L "= nexat B OTKPbITOM NPaBOW NOMyniockocTn Rew > 0 v noTomy
Zi — 20
J

v
. Z1 — %4
Re ewg aj—] > 0.
20 — %4
j=2 I

Ho 3To NnpoTMBOpPEYUT TOMY, YTO 2o — HYNnb f(2). [

Teopema 2. [lycmb R, < R,,+1 U Ha OKpyxXHocmu |z| = Ry, byHKUUS a(z) umeem v OOMUHUPY!HO-
WUX NOMOCo8 z; = €2™O1 . 2, = 2™ Ecnu mHoxecmeo Ny codep)um xoms 6bi 00Hy U3 NUHUU
Ly,...,L,, mo cywecmsyem o0rnocnedo8amesibHoCMb Ty, m (z), PABHOMEPHO CXOOAUWAACS MpU n — 0o
K a(z) Ha Komnakmax, npuHadnexawux D, u He codepxxauyux rnomocos a(z).

DokasaTtenbcTBO. [JOCTATOMHO MOKasaTbh, YTO cyllectByeT Todka 70 € [ Takas, 4To MHOrodneH
w(z,7°) U3 cemeiicTBa w(z,T), p HE UMEET HyNel B OTKPLITOM Kpyre |z| < R.

MycTb Ans onpegeneHHocTn Ly npuHaanexuT Np. Tak kak L; CUMMETpUYHa OTHOCUTENbHO OKPYK-
HOCTWU |z| = R, TO HangeTcs TodKa (o Takasi, 4To |(p| > R U

C1AL(G) = D 1CiA;(Go)]-

J=2
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Mockonbky Ly C N, To HaiipeTcs Touka 70 = (77,...,7)) € IF Takas, uto
w(Co, ™) = C1A1(G)TT + -+ CLAL(Go)Ty) =
Mo nemme 1 nonyvyaem
C1A1(¢o) T = [C1A1(Co)|e, CiA;(Co)m) = —IC5A;(Co)le™,
j=2,...,v. CnegoBaresnbHo,

To__ew< [C1A1(¢o)| |CaA2(Co)l ICuAu(Co)\>
C1A1(¢) * Cala(lo) 7 CLAL(Co) )

MokaxkeM, 4TO BCe KOPHM MHOrouneHa w(z, 70), kpome (o, nexar Ha OKpYXXHOCTH |z| < R. O603HaumMm
a; =|CA;(Co)], j = 2,...,v. Torga nerko BnaeTb, 4To

w(z,7°) ——e‘pZa]< " AA;(Z))).

Kpowme TOr10,
_ A(2) (21— ) (2 — )
A(Go) (2= 2j)(z —21)

Takum obpasom,

Z - Co Z1 — ZJ
z — zl Z % zZ—zj
Tak kaK w(z,7°) n A(z) B3BaMMHO NPOCTbI, TO KOPHAMY w(z,TO) ABNATCA (o U HYNU paLMOHanbHON
yHKUUK

(1)

Mo nemme 2 BCce Hynu yHKUMM f(z) nNexaT Ha OKPY>XHOCTU |z| = R. Takum obpa3om, Bce Hynwu
MHorouneHa w(z, ) nexar B obnactu |z| > R. Teopema gokasaHa. [

HenocpeacTBeHHbIMU CregcTBUSIMU 3TOW TEOPEMbI ABNSOTCA

CnepnctBue 1. Ecrniu Ons apaymeHmo8 OOMUHUPYOWUX MOICco8 crpasednueo ycrogue: Oy = 1,
O1,...,0, nuHelHO He3asucuMbl Had rnonem payuoHabHbix Yucen Q, mo cywecmsyem nodnocnedo-
8amesibHOCMb Ty, (%), PABHOMEPHO CX00AWAsCA Mpu n — oo K a(z) Ha KoMiakmax, npuHadnexaujux
D,,, u He codepxkauux nosocos a(z). [

CnenctBue 2. Ecnu 0ns apa2ymMeHmos OOMUHUPYHOUUX 010Co8 cripagednueo ycrnosue: Oy = 1,
04,...,0,_1 NIUHelHO He3asUCUMbI, a O, — payuoHasibHoe 4ucso, mo cyuwecmesyem roodnocredosa-
MenibHOCMb Ty, (%), PABHOMEPHO CX005IWAsACS Mpu n — oo K a(z) Ha KoMnakmax, npuHadnexaujux D,
u He codepxawux Mosocos a(z). [

3aknouyeHue

Ona cnyyas, korga paguycbl m-MepoMOpdHOCTM YHKUMKN a(z) YAOBNETBOPSAOT YCNoBuU R, <
R 11, NONyYeHbl OOCTATOYHbIE YCNOBUA CYLLECTBOBAHUSA CXOASLLMXCHA noAgrnocrenoBatenbHOCTen m-
o cTpoku Tabnuubl Mage ans a(z). B yactHocTH, cxogswmecs noanocneaoBaTeflbHOCTH CyLLECTBYHOT,
ecnn Yynucno v JOMUHUPYIOLLMX MOMCOB paBHO 2. Ecnv v > 2, TO 4OCTATOYHBIM YCOBUEM SIBNSETCS
nMHenHasi He3aBUCMMOCTb apryMeHTOB O, ..., ©, JOMUHUPYIOLLMX MOMKOCOB NO MOAYMN0 7 Haj nonem
paunoHanbHbIX Yucern.
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