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1. Introduction

It is well-known that any two triangulations of a piecewise-linear three-manifold can be transformed
into each other using local “Pachner moves”. If we construct an algebraic expression depending on
some values ascribed to a manifold triangulation and invariant under these moves, we get a value that
does not depend on a specific triangulation. It is natural to call such value an invariant of the manifold.

The paper is organized as follows. In section 2 we repeat some arguments and constructions from
papers [1], [2] and [3]. We use the universal cover of the manifold from the very beginning, and this
leads us to a nontrivial modification of the invariant from paper [1]. In section 3 we calculate our
modified invariant for lens spaces L(p, q) and do some remarks about its possible relationship with the
Reidemeister torsion.

2. The construction of invariant

Let a three-dimensional orientable manifold M be given, represented as a simplicial complex. We
assign to each edge of the complex a Euclidean length, and to each tetrahedron — a plus or minus sign
in such way that the algebraic sum of dihedral angles abutting at any edge should be zero modulo 2π.
Every dihedral angle is taken with the sign ascribed to the corresponding tetrahedron. Then we take the
universal cover of the complex and construct for it the following sequence of vector spaces:

0 −→ e3
C−→ (dx) B−→ (dl) A−→ (dω) BT

−−→ (. . .) CT

−−→ (. . .) −→ 0. (1)

Here e3 is the Lie algebra of motions of three-dimensional Euclidean space; (dx) is the space of column
vectors consisting of differentials of Cartesian coordinates of vertex in the complex; (dl) is the space of
column vectors of differentials of edge lengths; (dω) is the space of differentials of defect angles (see [1]
for details).

We assume the fundamental group π1(M) of the manifold M to be finite and Abelian. Then, all vector
spaces in (1) are finite-dimensional, and operators A, B and C are represented as usual matrices. It
can be proved using methods of paper [3] that sequence (1) forms an acyclic complex, i.e. the image
of each operator in it coincides with the kernel of the next operator.

We denote by P the order of the manifold’s fundamental group.
Using unitary transformations in the spaces (dx) and (dl), we can transform matrices A and B to a

block-diagonal form consisting of some blocks Aj and Bj , where j numbers the characters of π1(M).
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Figure 1. The triangulation of the lens space (all indexes are taken modulo p)

Thus, the complex (1) decomposes into a direct sum of acyclic complexes

0 −→ e3

√
P C0−−−−→ (dx) B0−−→ (dl) A0−−→ (dω)

B†
0−−→ (. . .)

√
P C†

0−−−−→ (. . .) −→ 0,

0 −→ (dx)
Bj−→ (dl)

Aj−→ (dω)
B†

j−−→ (. . .) −→ 0, j = 1, . . . , P − 1.

(2)

Here symbol † means Hermitian conjugation.
The torsions for complexes (2) are

Tj =


P−6(detC0|D0

)−2 (detD0 |B0|C0
)2 (det C0 |A0)−1, j = 0,∣∣(detDj |Bj |Cj

)
∣∣2 (det Cj |Aj)−1, j = 1, . . . , P − 1.

(3)

Here C0 is a maximal subset of edges such that the restriction of matrix A0 onto its corresponding
subspace of (dl) is nondegenerate. Subsets D0, Cj and Dj are defined similarly. The complements of
these subsets are denoted as C0, D0, Cj and Dj .

The corresponding invariants come from an analysis of how expressions (3) behave under Pachner
moves 2 ↔ 3 and 1 ↔ 4:

I0(M) = T0

∏
over all
edges

l2

∏
over all

tetrahedra

6V
, I1(M) =

Tj

∏
over all
edges

l2

∏
over all

tetrahedra

6V
: j = 1, . . . , P − 1

 . (4)

3. Calculations for L(p, q)

Let M = L(p, q). The fundamental group of a lens space is isomorphic to Zp. In figure 1 we show a
triangulated bipyramid from which L(p, q) is usually obtained. Take p− 1 more copies of this bipyramid
(changing indices cyclically modulo p) and glue them together by pairs of faces with the same vertices.
Thus we obtain a triangulation of the universal cover of the lens space, i.e. the sphere S3.
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The dimensions of spaces (dx) and (dl) in (2) for L(p, q) are 12 and 4p + 4 respectively, and this
means (due to the acyclicity) that

rank B0 = 6, rank A0 = 4p− 2,

rank Bj = 12, rank Aj = 4p− 8, j = 1, . . . , p− 1.

Any matrix element of a matrix A = (∂ωm/∂ln)|all ωm = 0 is, generically, a sum of partial derivatives
corresponding to the three following “elementary situations” (cf. [2]):

(1) m and n are skew edges in the same tetrahedron;
(2) m and n intersect;
(3) m and n coincide.

It can be shown that, in our case, the derivatives of the second and third types always appear in pairs
with different signs and thus sum up to zero. As for derivatives of the first type, they have the following
form (see [1]):

∂ωAB

∂lCD
= ± lAB lCD

6VABCD
. (5)

To simplify our further calculations, we put lAB = lCD = lAC = lBD = lAD = lBC = 1. Then
6VABCD =

√
2/2, and our formulas (4) for invariants take the form:

I0(L(p, q)) = 22p T0, I1(L(p, q)) =
{
22p Tj : j = 1, . . . , p− 1

}
. (6)

The determinants detDj |Bj |Cj
in (3) are found by a direct calculation:

detDj |Bj |Cj
=


√

2
2

det C0|D0
, j = 0,

−1
4

(εj − 1)5
(
εj/q mod p − 1

)
, j = 1, . . . , p− 1,

(7)

where ε is a primitive root of unity of degree p. Recall that the ranks of matrices Bj (j = 0, . . . , p− 1) do
not depend on p. When calculating det C0|D0

, we use the obvious basis of three translations and three
rotations in the Lie algebra e3.

Let us explain in more details the calculations of det Cj |Aj . Rearranging the elements of column
vectors in space (dl), we can arrive at the following block structure for matrix Aj :

√
2



0 S†j
Sj 0

0 S†j
Sj 0

0 0 σj −σj

0 0 −σj σj

σj −σj 0 0
−σj σj 0 0


, (8)

where

σj =
p−1∑
m=0

εjm =

{
p, j = 0,

0, j 6= 0,

while Sj has sizes p× p and can be represented as the following product of two matrices:

1 −1
. . . . . .

1 −1
−1 1

. . . . . .
−1 1





1 −εj

. . . . . .
1 −εj

1
. . .
. . . −εj

−εj 1


. (9)
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Here, in the left matrix, the element −1 in the first column occupies (1 + q−1 mod p)th position, and all
the (−1)’s form a “cyclic diagonal”. The rank of matrix (9) is p− 1 for j = 0 and p− 2 for j = 1, . . . , p− 1.

Lemma. There exist subsets C′j (j = 0, . . . p− 1) of sets Cj such that matrices C′
j
|Sj are nondegenerate

and

det C′
j
|Sj =


p, j = 0,

ε−j − 1
εj/q mod p − 1

, j = 1, . . . , p− 1.

(10)

Proof. Let j = 0. The set C′0 consists of all edges except one. Namely, we choose C′0 so that the left
matrix in (9) loses its first row, and the right matrix — its first column. Then we add all other columns to
the first one in the left matrix and subtract the first row from all other rows in the right matrix. This yields

C′
0
|S0 =



0 1 −1

0 1
. . .

0 1 −1
...

. . .
0 −1 1

0
. . . 1

0 −1 1





−1
2 −1
1 1 −1

1 1
. . .

...
. . . −1

1 1 −1
1 1 −1
1 1


.

Here we can just drop the first column in the left matrix and the first row in the right one and get C′
0
|S0 as

a product of two square matrices whose determinants are easily obtained using Gaussian elimination
and induction in p.

The proof for j = 1, . . . p− 1 is done similarly. �

Now, according to (8), we raise the absolute values of determinants (10) into the fourth power and
multiply by (−p2) for j = 0 or by 1 for j = 1, . . . , p− 1, and thus get the determinants of matrices Cj |Aj :

det Cj |Aj =


−22p−1 p6, j = 0,

22p−4
sin4 πj

p

sin4 π(j/q mod p)
p

, j = 1, . . . , p− 1.
(11)

Finally, we calculate the torsions according to formulas (3) and then the invariants according to (6) and
change j to qj:

I0(L(p, q)) = − 1
p12

, (12a)

I1(L(p, q)) =
{

46 sin6 πj

p
sin6 πqj

p
: j = 1, . . . , p− 1

}
. (12b)

Conclusion

It can be said that here we have considered nontrivial actions of the fundamental group π1(L(p, q))
on the spaces of column vectors (dx) and (dl). In the next papers, we plan to unite this idea with taking
also a nontrivial representation of π1(L(p, q)) in the group of motions of a three-dimensional Euclidean
space, in analogy with paper [2].

Note also that the expression (12b) coincides, up to a numeric factor, with the Reidemeister torsion
of L(p, q) raised into the sixth power. We cannot explain this as yet.
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