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BBepeHue

Copbums HepaBHOBECHbIMW OKCUrngpaTamMmm MOHOB, CMOCOBHbBIX NONUMEPU3ALMOHHO AOMOSMHATb
(copbums ¢ nocneayoLlen cononmmepusaumen) okCurngpaTHyo Matpuly, NPOXOANT YacTo B TeveHne
ONNTENBbHOrO BpeMeHn (B obLem criyyae) 1 MeeT AOCTaTOYHO CIOXHbIA NEPUOAUNYECKUIA XapaKTep.
Takaa nepvogmyeckas (BpeMeHHas) KpyvBasi OnMcbiBaeT COCTOsIHME COPOLMOHHOM CUCTEMbI Aanekon
OT yCnosun pasHoBecus, puc. 1.
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Puc. 1. Ceyennsa nosepxHocTen 3asucumoctun I' = f{C,, f) B NNOCKOCTN «copBLMs — Bpemsi»:

a — cpasy rnocre KoHTakTa rensi ¢ copbatom, 6 — nocre BblIAEPXKKM rens B copbaTe B TeYeHWe CYTOK
(HacblweHune rensi copbaTom)

1. Onepatop JinseraHra n ypaBHeHue Akobmn-rammnbToHa

[na onucaHns nepnoanyecknx CaMmoopraHU3yLMXCs CUCTEM HaMK paHee nNpeanoXeHo Ucnosb-
30BaTb Tak HasblBaeMbln onepatop JluseraHra [1]. OnncebiBas camoopraHusyroLmecss Npoueccsl B re-
ne orpaHn4ynmca nNpocTenwen ogHOMEPHON MOAENLIO, KOTOpasd NO3BOMSET NPOUNICTPUPOBATL MOo-
BegeHne onepaTtopa JIvseraHra W, COOTBETCTBEHHO, W3MEHEeHMEe KOoHUeHTpaumm copbata. [ns
OnucaHus Tako camoopraHmsaunm ucnonb3yem ypaBHeHue andgdysumn ¢ BBegeHmemM onepatopa Jn-
3eraHra:
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ou o%u

u_pdlu,;

ot 8X2 " [U]

ul_o=Uo,  Ul,_o=uo=const (1)
u|x:/, =Uo.

roe D — koadbmumneHT andpdysmm; ¢ — anuHa oTpeska, Ha KOTOPOM Mbl paccMaTpuBaeM ypasBHe-
Hue; L(u) — onepatop JlnseraHra; u, Uy — HEKOTOPbIE TEKYyLLMEe N HaYanbHble 3Ha4YeHNs KOHLEeHTpa-
LN CTPYKTYPUPYIOLLMX oparMeHTOB.

[Ona ganeHenwen paboTbl HEO6XOANMO NOCTPOUTL XOTS Obl NPUBNVXKEHHYO hopmyny Ans one-
patopa Jlnseranra. PaHee [1] Mbl ucnonb3oBanu ynpoLieHHoe ypaBHeHue (1) (6e3 ydeta anddysmm)
BMAaa:

ou
— =al[u].
ot
BenuunHa u moxeT ObITb onmucaHa kKak u = Asin(ot), u= Aarcsin(sin(ot)), rae t — Bpems,

® — YacToTa AaHHbIX konebaHun, A — amnnutyga (puc. 3). Uinu, B 6onee CrioxHOM crnyyae, MOXHO
3anucatb

u =aulL[u],
ot

Korga pelleHvne ypaBHeHuns nmeetT Bug u = Aarcsin(sin(wt)) B Tex e 0603HaveHusix. 'paduk Takon
3aBMCUMOCTW NpMBEOEH Ha puc. 2.
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Puc. 2. 3anucb dyHKummn u = f(t) ypaBHeHnem Puc. 3. 3anucb dyHKummn u = f(t) ypaBHeHuem
u = Aarcsin(sin(ot)) u = Aexp(arcsin(sin(wt)))

MpeHebpexem B (1) anddysnen, a cam onepartop JlnseraHra ynpoctm, TO €CTb 3anuem ero
B BUAe L[u]=aSgn[u]. Torna B aToM ypaBHEHUN o — HEKOTOPBI koachduLmeHT. OnepaTtop Sgn(u]

MOXHO ornpefennTb crneayowmnm obpa3oMm: MMelTCs [Ba penepHbIX 3HAYEHUS KOHLEHTPAUMKN: Umax
N Umin, NMPUYMEM Umin < Umax - KOorga u gocturaeT 3Ha4YeHUst Upgy , TO Sgn[u]=—1, B Crny4ae JoCTu-
XEHNsA 3HayYeHus Umpin WMeeMm Sgn[u]=+1. YpaBHeHue (1) npuvHUMMaeT creaywowmi Bua:

du
E: ochn[u]. Tak Kak B HawweMm criy4ae BepxHee KPpUTUYECKOE 3HAYEHWNE Umgy W HUDKHEE KpUTuye-

CKO€ 3Ha4YeHWe Umin HE U3MEHAIOTCA (STO TaK Ha3blBaeMbl€ TOYKW BO3BpaTa KOJ'Ie6aHI/1IZ), onepartop
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. oL t
INn3eraHra MOXHO B [JAHHOM cry4yae 3anucaTtb B BUAE: Sgn[u]za Sgn| sin . Torga
Umax — Umin
KOHLIEHTpaLUnsa caMmoopraHmM3oBaBLUerocs rend (copbnpoBaHHOro MOHa) paBHa:
u — Upi . mout
U = Upjy +—22% M1 arccos sm(—J : (2)
T Umax — Umin

HarnsgHbiM pearnbHbIM aHanoroMm nNepuoanveckon copbumm MoryT ObiTb konebaHnst 0ObIKHOBEH-
HOroO rapMoHu4eckoro ocuunnstopa. OkcurmgpaTHbIN KBa3MKUOKOKPUCTANMMYECKUA Teflb MOXEM
ynogobuTb (B cuny ocobbiX CBOWCTB XWAOKUX KPUCTanmoB) HEKOEMY OCLMINATOPY, KOTOPbIA copbum-
OHHO MOrnoLwaeT, a 3aTeM, B CUIY KakUX—TO PU3NKO—XMMUYECKNX NPUYMH, OTTOpraeT copbmpoBaHHoe
(necopbums). Mpn aTOM ecTecTBEHHO HacTynaeTt konebartenbHbii npouecc. VI3 aHanm3a cBsi3aHHbIX
[2] raMnNbTOHOBLIX CUCTEM CrieayeT, YTO TPAEKTOPUN OCUUINATOpa, codepallero copbupoBaHHoe,
Ha pa30BOV MIOCKOCTU NPeacTaBnsitoT COOON 3aMKHYThIE MHBAPUAHTHbLIE KPUBLIE.

ABwxeHne, Takmm obpa3omM, NEPUOAMYHO, @ BO3BpPAT B OA4HY M Ty Xe TO4YKYy (p, q) NpOCTpaHCTBa
MPOVCXOAWT MOCHe 3aBepLUEHMsI NMOSHOTO LMKIa C XapaKTepHbIM NepuoaoM 2rn/o, rae o — 4acroTta

ABWxeHus. ioes BBegeHWs NnepeMeHHbIX «4eNCTBUE-Yron» COCTOUT B OTbICKAHMK Takol napbl conpsi-
)KEHHbIX NMepeMeHHbIX, norarasi YTo conpshkeHHasi «koopauHaTa» OyaeT Bo3pacTaTb Ha 21 NpU Kax-
[IOM 3aBepLUeHMM MONHOro nepvoaa ABwxeHusi. NepemMeHHble «aencTBne — yron» o6o3HavarTCs
yepes /, 0, rae | — NOCTOSIHHBIA CONPSXXEeHHbIA UMNynbC. MOXHO 3anucaTb criedylolimMe COOTHOLLE-

HWUs Ans npomssogswen S(q, /) dpyHKumm:

0 0
:—S ,I, GZ—S ,I.
P 2q (g.1) Py (g.1)

,D,J'IFI mMmopoenu OBObIKHOBEHHOTO rapMoHMU4ecKkoro ocumnndaTtopa Cc raMmmnbTOHNAaHOM

H = %(p2 + wzqz) npounseoasdLlaa PyHKUNA BblpaXKaeTca Tak:

q
S(g, )= I /2(/@—%m2q2)dq.
q0

YpaBHeHMe 3aBNCNUMOCTU O606LU,GHHI:IX KoopaunHat q = Q(/, 9) B ABHOM BMOE MOXXHO NpeacTtaBUTb KakK:

q =\/Zsin(co t+9).
()

HaBspkem aTOMy OCLMANATOPY YCroBUS HemaTepuanbHOCTU. [lyCTb cuctema MMeeT Hekun eau-
HUYHBIA UMNYNbC P (HEKYIO eAMHUYHY0 3Hepruto). Mpu ycnosum, Yto | = E/w, ypaBHeHWe 3aBUCUMO-

CTN 0606LLEHHBIX KOOPANHAT (MOXHO BbIpasuTb Tak [2]:
q :ﬂsin(wﬂarcsin(qoco/\/i)). (3)
(O]

roe & — HekoTopbIM casur no ase (6=arosin(qooa/\/2E), T — nepuog konebaTtenbHOro gpuxe-
HUs1). CpaBHMBasH BblpaxeHust (2) U (3), MOXHO Nerko YBUAETb, YTO Umax — Umin = K -0 = kT, roe

k — KoHcTaHTa, paBHasi nv/2 . To eCTb, B HEKOTOPOM pearnbHOM KkorebaTernbHOM MpOoLEcce YacToTa
konebaHuii CyTb Pa3HOCTb TOYEK BO3BPATA Umax — Umin TaKKe konebaTenbHOro npoiecca, Ho B TEO-

pyn copBUNOHHBIX MPOLLECCOB, Mcnonb3ywmx onepatop JlnseraHra. 3anncek ypaBHeHus MamunbTo-
Ha—Akobun B npeanoxeHHon opme TpaHchopMmnpyeT ero B onepartop Jinseranra.
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MopobHble conocTaBneHus caenadbl Angd Toro, YTobbl 060CHOBAHHO MOAOWTU K YCIIOBUSIM cena-
pabenbHOCTM onepaTopa JlnsderaHra, a He ToNbKO YypaBHeHus MamunbToHa—Ako6HM [2]. B cnyyae ce-
napabernbHbIX CUCTEM 3TO YpaBHEHNE UMEET OTHOCUTENBHO MNPOCTOW BUA U peLLaemMo:

0S
Hk [—, qu=OLk, k=1,...,n.
9k

3pecb oy CBA3aHbl COOTHOWUEHNEM O =09+ 02 +...+0p = H', a oo — 3Ha4yeHune npeo6pa3OBaH-
HOro ramunbToHnaHa H'. B cny4ae onepartopa JInzeraHra aHanorn4yHoe COOTHOLLUEHNE MOXHO 3anu-
caTb:

ou
ot arlq[w] +aglp [ua] + a3l [us] + ...

2. NMepuoanyeckana nsorepma CoOCTosAHUA

BeeneHuve onepartopa JluderaHra onpaBaaHo TeM, YTO C NOMOLLbIO 3TOro ornepaTopa MOXHO Ma-

TeMaTuU4eckn AO0CTAaTOYHO MPOCTO OMUCHLIBATb CrIOXKHbIE NEPUOANYECKN pa3BMBatOLLMECS MPOLECCHI
copbumm BO BpemeHu. NMpu aTOM Mbl He CBSA3aHbl HEOOXOAMMOCTBIO HaAXOOUTb aHaNUTUYECKUA BUA
HEeNpOCTbIX COPOLIMOHHbBIX FaMUINbTOHNAHOB CUCTEMBI.
MNMopoobHoe onucaHWe BO3MOXHO caenatb Ana Mesodas3onofobHbIX cucTeM, Korga onpegeneHHas
rpynna oGMeHHbIX LEHTPOB (JOMEHOB) BeOeT cebs Kak XXMAKOKpUcTannudeckas, To ectb pabotaet no
npuyHUMny «Bce Bapyr» [3, 4]. NoaTomy npu onnucaHum n3oTepm copbunmn MOXHO MMETb 4EN0 TOMbKO
C HEKOTOPLIMU 3HEPreTUYECKN YCPEeAHEHHBbIMN PYHKLMOHANbHBIMM OOMEHHBbIMK FpynnaMu, KOTOPbIM
npunucbiBaemM (MNn HaBa3bIBaeM) CBOMCTBO cenapabenbHOCTH.

Mpwn akcnepumMeHTanbHOM M3y4eHnun copbLUMOHHOrO NoBeaeHna rend, nsotepma copbuum Bo Bpe-
mMeHn (u = f(t)) Hepeako nmeeT HenpocTon konebaTenbHbIV XapakTtep (puc. 1), KOTOpPbIN HE CBOAUTCA

K o4HOM YacTtoTe konebaHui Ton nnm MHom opmbl; rpadmkn nonyyvatoTca 6onee CNoXHbIMU U aaxe
HenepnogndeckumMmmn. 3aMeTnm, 4YTo, C TOYKU 3PEHMSI HalLMX NpencTaBfieHU, BbiCKa3aHHbIX paHee
B pabortax [5], BBOOUTCS TOMbKO OAHA 4acToTa KonebGaHui, COOTBETCTBYIOLUMX OnpedenieHHOMY
CTPYKTYPHOMY TUNy, BUA KOTOPOW Mbl MOAENUpPOBanun TpemMs pasnuyHbiMn ypaBHeHusamMu. B nepsom
cny4ae 3TO OObIYHbBIV CUHYC (MM KOCUHYC, UMK, B 3aBUCUMOCTHM OT hasbl, CyMMa CUHYCa U KOCUHYca).

M3 Bupga rpacmkoB u = Asin(ot), u=Aarcsin(sin(ot)), u= Aexp(arcsin(sin(ot))) cnegyet, 4TO
3KCnepuMeHTarnbHble JaHHble (Hanpumep, puc. 2, 3) He COBNagalT HU C OOHUM U3 HUX Npu nobon
yactoTte 1 npu nobon amnnutyge.

ApexkBaTHOE OonMncaHue pearnbHbIX U30TEPM COpPOLUMN B HEMMHEWHBIX OKCUrMapatax MoXeT ObiTb
NpOBEAEHO, UCNONb3Ys BbilEe Ha3BaHHbLIN MPUHLUMN cenapabenbHOCTU AN OKCUIMAPAaTHBIX CUCTEM.
OTOT NpUHUMN B HalleM cryvyae MMeeT KOHKPeTHbI husmyeckmin cmbici. Kak ycTaHOBREHO paHee
B [6], uMeeTCcs onpedeneHHoOe KONIMYEeCTBO NENCMEKEPOB B refie, T0 eCTb HEKOTOPbIX doparMeHTapHO
KBAHTOBaHHbIX (TO €CTb AWUCKPETHbIX) OparMeHTOB rensi, He B3aMMOLEWCTBYIOLWNX Mexgy cobon,
N onpeaensitolnX 3Ha4YMmMoe Konmy4ecTBo n onepatopoB JlnseraHra. B 1o xXe BpeMsa UMEHHO OHM AatoT
CymMMapHbI addpekT copbummn. B cnydae renen okcurmgpaTa LMPKOHMSA Takoe KONMYecTBO nencmeke-
poB paBHO 3—5 [6]. lMeliicmekepbl GONbLIOro guMameTpa YXe Mano OTNnMyarTcss OT amopdHOn
HECTPYKTYpMpOBaHHOW dhasbl rensi. PacyeT nsotepm CoCTosHUA (CopOummn) MOHOB UTTPUSA TEMSIMU OK-
curngpaTa LMPKOHUS B YCINOBUAX HACLILWEHNS renieBon hasbl MOHaMU UTTPUS BbIMOMHANN, B Npeano-
NOXXEHUU, YTO MaKCMMaribHOE KOJNIMYECTBO NENCMEKEPOB pPaBHO MNSATU U BbINOSHSAETCA onepaTtop Jlnse-
raHra. YCrnoBus HacblleHnsi BblOpaHbl B NPeAnofioKeHUN, YTO NPOLECChl NenTM3aumm (GecTpykumm)
renesown pasbl B 9TUX YCMNOBUSX NPOSIBASAIOTCA B MakcMmarbHOW cTeneHn. B obwem Buae nsotepma
COCTOSIHUA 3anucbiBaeTCcs Tak:

n
u=ug+ ZA,- arcsin(sin(w; t + ¢;)),
i=1

rae Up — HeKoTopoe cpefdHee 3HayeHue copbunm, Mmonb/r, ®; — YacTtoTta konebanun, ¢; — daso-
BOE OTKITOHEHWE, BENMYMHA | MOXET U3MEHATLCA OT 1 No KparHen mepe Ao 5.
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PaccmaTpuBas nsotepmbl COPOLIMOHHOIO COCTOSIHUS C TOYKU 3PEHUS HENTMHEMHOW COPOLMOHHON
ANHaMNYeCcKoW CUCTEMbI, Aanekon OT COCTOSIHUA paBHOBECUS, BMOSTHE NOMMYHLIM ABMASETCA paccmarT-
pvBaTb UX KaK HEKOTOpble MOBEPXHOCTU ceyeHus B koopanHaTax u = f(t) n u = f(c,). JaHHbI noaxon
pa3suT NyaHkape n Bupkrodom [2]. N3oTepmuyeckme coctosiHns Buaa u = f(c,) 3anucbiBatoTca:

n
u=ug+ ZA,- arcsin(sin(w; cp + ¢;)).
i=1
XapakTtep aKCnepuMeHTanbHbIX U pacyeTHbIX M30TEPM ANs CPaBHEHUSA NpeacTaBneH Ha puc. 4

n 5. Mbl BUAUM yOOBNETBOPUTENBHOE COBMAJEHNE 3KCNepUMEHTanbHbIX U pacyeTHbIX N30TepM copb-
umm.
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Puc. 4. PacuyeTHasi nsotepma copbumm MOHOB UTTPUS:

- 3KCMEePUMEHTASbHbIE; o — paccunTaHHble Toukn. Cedenusa ansa sHaveHun C, 0,07 (a) n 0,09 (6) monb/n,
a—l=u=0- 2-10_5-arcsin(sin(1 3,4t-1,80)) + 3~10"5~arcsin(sin(3,80t -3,30))-31 O‘Sxarcsin(sin(6,50t— 4,10)) +
+5.107.arcsin(sin(5-10°t — 1,90)) — 3-10>-arsin(sin(11,1t — 1,00));

6—T=u=510"—-4-10"arcsin(sin(4,10 - t— 3,80)) + 3-10 >-arcsin(sin(5,50t — 3,90)) — 4-10 "
xarcsin(sin(6,30t — 6,00)) + 2-10"-arcsin(sin(17,5t + 1,90)) — 3 - 10~°-arcsin(sin(3,00t + 2,60)).

", Mmonb/r ", Mmmonb/r
0,016 | 0,022
0,014 | 0.020
0018 [
0012 |
0016 |
0,010 - o0t |
0,008 | 0.012 |
0,006 | 0,010 |
004 006 008 010 012 014 016 004 006 008 010 012 014 016
Cp, monb/n Cp, mone/n
a 6

Puc. 5. PacueTHas nsotepma copbumm MOHOB UTTPUS:

@ —okcnepumentansHbie; Il — paccunTtanHbie Toukn. Cedenusi ans 3HavueHuii t 36 (a) 1 60 (6) MUHYT.
a—I=1,34.10"%-6,1-10"*arcsin(sin(2,88C, + 1,50)) + 7-10 *-arcsin(sin(2,85C, — 0,80)) + 4-107x
x-arcsin(sin(0,63C,-+:1,20)) + 9.10~*arcsin(sin(1 ,10-Cp, + 2,50));
6—=9,7-10"-9,5-10"arcsin(sin(2,58C, + 2,00)) + 9,9-10 *.arcsin(sin(2,55C, — 0,07)) + 2,7-10 3«
x-arcsin(sin(0,77C, + 0,88)) + 7,3-104-arcsin(sin(1 ,30C, + 1,90))
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3aknoyeHune

lMoka3aHa reHeTn4eckas CBs3b AMMNMnpunyeckn BBeaeHHOro onepartopa Jlnseranra HepaBHOBECHOIO

OKCUrMOPATHOrO refs U SHepPreTMYecKoro raMuribTOHMaHa ocuunnmpytowen copbUMOHHON CUCTEMBI.
MpuMeHuB npuHUMN cenapabenbHOCTU yaanocb aHanUTUYeCKU onucaTb COPOUMOHHbIE COCTOSHWUSA
reneBblX CUCTEM METOAOM MOBEPXHOCTU ceuveHust lNMyaHkape — Bupkrodga B KoopauHaTax «copb-
LUnsa — BpeMa» N «copbLms — paBHOBECHASA KOHLEHTpaUmUsI».

Pa6oTa BbinonHeHa npu ouHaHcoBon nogaepxke MNMpaButenscTea YensbuHckon obnactu (rpaHT

p2001ypyen—01-26).
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