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BBepeHue

AcumnToTUYECKME METOAbl UrPatoT BaXKHYK ponb MpU U3yYeHUn pelueHun auddepeHumanbHbIX
ypaBHeHuin. OHM ABRSIOTCA HE3aMEHMMbIMU B TOM Criydae, Korga aHanuMTu4ecku nocTpouTb peLleHne
He yaaeTtcd (Hanpumep, ANs HENWHENHbIX 3a4adv), Unu Korga Bu ero HeM3BeCcTeH U NpeacTaBnseTcs
bonee LenecoobpasHbiM NOCTPOUTE ACMMMTOTUKY, Yem Mnpuberatb K 4YncrieHHomy cuyety. C gpyron
CTOPOHBbI, MPU MOCTPOEHUU ACUMMTOTUYECKOTO PasfoXeHUs MPOUCXOOUT Ccriegytollee: Mbl CBOAUM
CMNOXHYI0 3agady K 6oree npocTbiM, TO €CTb NPOUCXOAUT MPOLECC peaykuumn K ypaBHEHUSIM (CUCTe-
MaM), peLleHne KOTOPbIX ferko noslyunTb (4acTo B SIBHOM BMAE) WM Kak—TO OLEHUTb. [Mpu aToMm
acMMNTOTUYECKMA METOL OCHOBbIBAeTCA Ha obwen Teopun guddepeHumanbHbIX U MHTErpanbHbIX
YPaBHEHUA 1 MOXET CMNY>XUTb UCTOYHMKOM UMEIOLLMX 3HAYEeHUe AN NpakTUKK 3agad, oT peLleHns Ko-
TOPbLIX 3aBUCUT YCMNELHOCTbL NepBoro. B kayecTBe npumepa npuBefeM CUCTEMY CUHTYNAPHO BO3MY-
LWeHHbIX AnddepeHumnanbHbliX YpaBHEHUI B YacTHbIX MPOM3BOAHBLIX, MOPOXAAoLWYy0 CUCTEMY, O KO-
TOPOW peyb NONAET HUXeE.

PaccmoTpum criegytoLyto 3agady

g2 90U 4o U _ o (x tutara(x, tV+R(X t, €),
ot ox (x, )e G, L)
s%—‘;+32b(x)g—‘/:az1(x, tu+ao(x, tWV+h(x, t e),
X

u|x=o :u|t=o =V|X=0 =V|t=0 =0,

roe €>0— manbin napameTp, obnacte G=(0<x< X)x(0<t<T).
UweTca acumntoTuka norpaHcnonHoro tuna ([1]) Kak psag no cTeneHsm € :

u(x, t, )=

=Y & el (Ti(x, t)+TTu(x, T)+Qiu(x,8)+Qu(E, t)+Riu(g t)+Pu(§ 1)+Siu(§, 8)+Tiu(g 1))v(x, t, €)= (2)
i=0

=_§Osi (Vi(x, )+ITv(x, T)+Qiv(X, 0)+Qiv(E, t)+Riv(g, t)+Pv(E 1)+Siv(§ 0)+Tiv(g 1)),

roe uj, vi — perynsipHasi yactb, Ilju, ITjv, Qju, Qv — norpaHn4yHble (PyHKUMM, BO3IHMKAOLLNE
B6nu3n ctopoHbl t=0 npamoyronbHuka G; Qiu, Qjv, Rju, Rjv — aHanornyHbli NnorpaHcrnon B6nimsmn
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x=0; Pu, Pv, Siu, Siv, T;u, T;v — yrnoBble norpaHu4Hble OYHKUNN, NOrPaHCIIONHbIE NepeMeH-
Hble: T=t/e, 0=t/e2, E=x/e, c=x/e2.
Paa (2) noactaeum B cuctemy u rpaHuyHoe ycroeume (1). @yHkumm ajj, b, fi pasnoxum B psaabl

no e, Hanpumep, fi=fg+efi1+€2f2+....

CrtaHgapTHbIM cnocobom, npupaBHMBas KOIPMULMEHTbI NPU OAMHAKOBbLIX CTEMEHSIX € B NEBbIX
1 NpaBbIX YacTax paBeHCTB (1), nonyyaem 3agayv Ans onpeaerneHnst YreHoB acuMMNTOTUKM.

NTak, cTpoaTcs dyHKUMM psga (2) B HyneBoM Nopsiake, M OKasblBaeTCH, YTO YrnoBOro norpaHc-
nos npu i=0 He Bo3HMKaeT. [Npun noctpoeHumn yHkumn IT;u, T;u, a Takke Qjv, Sjv nonyyaercs,
YTO CYyMMbl MX BHOCAT HEBA3KY Ha CTOpoHy x=0 un =0 COOTBETCTBEHHO. OTW HEBS3KN MPU3BaHbI
ycTpaHuTb pyHkummn Pu(&,t) n Pv(E,t). 3agaum ons ux onpeaenenms uMetoT Bua:

BY _ 214(0, 0)Ru+a12(0, 0)RV +p{(E, 1),
£>0, 1>0 3

"BV —a21(0, 0)Fiu-+az2(0, )R +p{)(& 7).
Pu(0,t)=-IT;u(0,t)-T;u(0, 1),
PV(E,0)=-Qv(£,0)-Siv(E,0)

roe p§")(E_,,1:), pg)(E_,, T) BblpaxatTcs Yyepes (PyHKUMM C MEHbLUMMU UHAOEKCAMU, a Kaxaasa U3 OyHKLUNA

rPaHMYHbBIX OaHHbIX MMEET 3KCMOHEeHUManbHy OLEHKY; Hanpumep, |H,-u(0,1:)|<Ce—K‘C, roe C>0,

k>0 — HekoTopble NOAXOASLLME NOCTOSHHbIE.
3ameTum, YTo AN AoKasaTernbCTBa Takoro TUMa OLEHOK A0CTaTO4HO, YTOObI BbINOMHANMUCHL Hepa-
BEHCTBa

a11(x, £)<0, aza(x, t)<0 MA(x, t)=a11(x, t)azx2(x, t)—aq2(x, t)ax1(x, t)>0 (4)

(nocnegHee JOCTATOYHO Takke ANS CYLLEeCTBOBAHUS PELUEHUn U;, Vj).

Takmm o6pa30M, npnxogum K cucrteme OByx ypaBHeHMVI C YaCTHbIMK NPOnN3BOAHbLIMU, O KOTOPbLIX
HY>XHO 3HaTb, NMPU Kaknx ycrnoBuax CyLleCTBYIOT, eAMHCTBEHHbI rMaakue pelleHunsa, yaoenetsopdroline

oLleHkaM Tuna ‘P,-u(?;,r)‘<Ce—K(§+T), K [oKasaTenbCTBY YEro Mbl ¥ MpUcTynaem.

1. MocTaHOBKa 3agaum

PaccmoTpum 3agady
ou

<. =anu+aqy,
ox
v _
o =agUu+aooyv, x>0, t>0. (5)
u|x=0=F(t), v|t=0=9(x)
YpaBHEHVs1 pelaroTca B HeorpaHudeHHon obnactm D=(x>0)x(t>0); aj — NOCTOsHHbIE; KaK
n B 3agave (3), npegnornaraem BbIMOMHEHHBIMW HEPABEHCTBA
[f(t)<Ce-xt, |g(x)|<Cerx (6)

OTMeTVM, YTO HeOoAHOPOAHOCTEN B MpaBbIX YaCTAX YpaBHEHWUI He npedycMaTpuBaeTcs, Tak Kak
BCE PaCCyXXAeHWs MOXHO NPOBECTU M C Y4ETOM HEOOQHOPOAHOCTEN, KOTOpbIE, Kak B 3aaaye (3), Jormk-
Hbl MMETb SKCMOHEHLMAmNbHYI0 OLEHKY MO NepeMeHHbIM X U t. BbiicHUM Bonpoc 06 ycrnoBusix, npu
KOTOPbIX FMagKoe peLleHne 3a4aym CyLLeCcTBYeT, eQUHCTBEHHO M 06nagaeT HYXXHbIMU OLEHKaMW.
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CnpaBegnusa criegytoLias
Teopema. Npu BbINONTHEHUN YCNOBUN

ano +|821|=—K2 <0

ar1+[arz|=—x1<0, ()
rnagkoe pelieHue 3agaum (5) cywecTByeT, eANHCTBEHHO, U UMEIOT MECTO OLIEHKM
‘u(x, t)‘<Ce-K(X+t), ‘v(x, t)‘<Ce-K(X+l‘). (8)

2. loka3aTenbCTBO TEOPEMbI

CywecTtBoBaHue. Paspelwunm kaxgoe ypaBHeHWe cucteMbl (5) OTHOCUTENbHO DYHKUMM B NEBOWN
yacTtu([2]). MNMprxoanm K COOTHOLLEHNSIM

X
u(x, t)=Ff(t)ear1x +a12Iea11(X—X')v(x’, t)dx

(9)

t
v(x, t)=g(x)eazzt +anq j eaz2(t-t)u(x, t')dt.

MoactaBum v(x,t) n3 BTOpPOro paeBeHCTBa B nepsoe. [MonyyMM ypaBHeHue Ons onpeaeneHus
u(x,t):

xt X
u(x,t) a12321jjea11(X—X')eazz(t—t')u(x', t')dx’dt’+f(t)ear1x +a1geazth-ea11(X—X')g(x’)dx',
00 0

mnnn B Bnae

X
u(x, t)=[ [K(x, t, X, t'(x’, t')dx"dt’+h(x, t), (10)
0

Ot—

roe K(x, t, X', t')=aqpapiear1(x-x)eax2(t-t') ' a dpyHkums h(x, t) nmeet oueHKy‘h x, t) ‘<Ce K(x+t),
Mbl nony4nnun nHTerpansHoe ypaBHeHne BonbTeppa BToporo poaa([3]). OueBngHo, 4YTO M3 ypas-
HeHus (10) n BToporo ypaBHeHus (9) cneayet (5) n HaobopoT.
3agagvm nocrnefoBaTensHOCTb NpubnukeHnn sagaym (10) no pekyppeHTHOW opmyrne
xt
upsa(x, t)=[[K(x, t, X', t')up(x’, ¥)dx"dt'+h(x, t),
00

npuyem ug(x, £)=0. OyHKUMM up (X, t) HenpepbiBHbI. IMeeT MecTo npeacTaBneHune

n
Unp=Uup +z (uk —uk_1) .
k=1
OueHnm pasHOCTK B NOCreaHEM PaBEHCTBE:

‘u1—ulo(x, t)‘<Ce—K(X+f),

‘uz—u1‘S‘a12a21‘)“eaﬂ(X—X')eazz(t—t') ‘u1(x’, t")—ug(x’, t')dxdt’ <

X
< ‘31 2821 ‘ C”ea1 1(x=x")e—wX'ga2(t-t)e—xt'dx'dt’ <
00

|a12a21]
‘81 1+ K‘ ‘822 + K‘

gal1xeazot ‘(e—(éﬂ 1+K)X —1) (e—(822+K)t —1)‘ < C% o :5?82212 - %eK(XH‘),



06 odHoli cucmeme ypasHeHUl € YacmHbIMU MPOU380OHbIMU 8 HeoepaHUYeHHOoU obrnacmu 13

K
a1oa
|uk+1 —uk|<C 12421 e—k(x+t),
(a11+x)(az2 +x)
MaxopaHTHbIi Ans psga Z(uk —Uk—1) psify
k=1
| [
CZ a124a21 e—Kk(x+t)
k:1‘ (a11+x)(az2 +K)‘
npu q:| 812321 |<1 CXOZWTCS, CrieAoBaTENbHO, NOCMNEeA0BaTENbHOCTb Upy(X, t) paBHOMEPHO
‘(811+K)(822 +K)‘

cxoguTesa K u(x, t), rae u(x, t)— HenpepbiBHas npu x>0, t>0 dyHKuu4, ‘u(x, t)‘<C1Le—K(X+f).
-q
Ycnosue (7) saBnseTcsa 4OCTaTOMHbIM AN CX04MMOCTU psiga. [1encTBuMTenbHO, ecnv

a2
a1+«

a1
ago +x

<1 " <1,

TO ecTb (C yyeTom ycriosus (4)) a11+‘a12‘=—1<<0, a2 +‘321‘=—K<0 Kak Tofnbko xk<min(kq, k2), TO

pelleHne C HY)KHON OLieHKOM cyllecTByeT. Ho 310 ycnoBue He SBNAeTcs HeobXoauMbIM, Tak Kak psaa
MOXET CXOOQMTbCA U NPU OPYrux ycnosuax (Hanpumep, a11+|a21|<0, a2 +|a12|<0 n ap.). MpnymnHa,

No KOTOpoW yAOBHO BbIGpaTb MMEHHO 3TW HepaBEHCTBa, COCTOUT B TOM, YTO OHM MOABMASIOTCA Takke
npv AoKa3aTenbCTBE OLEHKN OCTaTOMHOrO YneHa 3agayum (1).

EanHcTtBeHHOCTL. lyctb wq(x, t), u2(x,t) — ABa HenpepbiBHbIX peweHus (10), a u(x, t) — wnx
pasHoCTb. Torga

xt
G(x, t)=[ [K(x, t, X, )a(x, t)dx'dt’, [a(x, t)|<Ce-w(x+t).
00
OueHrBasd nNpaByto YacTb, MMEEM
‘L_I(X, t)‘<qu—K(X+t) (g<1).
lNocne k—ro wara:
G(x, t)|<Cqke-x(x+).

Ecnu U(x, t) TOXXOEeCTBEHHO HE paBHO HYM0, TO B HEKOTOPOM Touke (Xg, fg) OTAMYHO OT Hyns, a 3Ha-
umnT, U(xg, fp)>€, HO Npn gocTtaTodHo Bonbwom K u(Xg, fp)<e, rae € — CKOMb YrogHo Manas Benu-
YnHa. Mbl NpULLINK K NPOTMBOPEYUIO, TO ecTb U(X, t)=0.
3. Pe3zonbBeHTa AnA ypaBHeHus (9)

PesonbBeHTa Ang ypaBHeHust BonbTeppa CTpouTcsa Kak pag (ecnv OH CXOAUTCSH), COCTaBNEHHbIN

13 NOBTOPHLIX A4Eep:

R(X’ t’ X,y t,)= Z Kn(x, tl X,’ t,)v (11)
n=0
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x t
roe Kn(x, t, x', t) HK(X t, s, p)Kn_1(s, p, x, t) dsdp — peKkyppeHTHOe COOTHOLLEHME Ofs onpene-
X't

J1eHUA NOBTOPHbIX AOEP. npOBeD,eM nX BblHUCIIEHNE.

xt
Ko(x, t, X/, t’)=(a1gag1)2 [ [ eari(x-s)ear1(s-x)eaza(t-pleaz2(p-t) ds dp=

X't

=(a12821 )2 (x—x")(t—t")ear1(x—x")gazz(t-t'),

X—X t-t
Kn(x, t, X, t’)=(a12a21)n ( ) ( ) gat1(x—x")eax2(t-t)
(n=1" (n=1)"
PeuweHwne ypaBHeHus (9) 3anuwieTcs Tak:

ﬂR (x, t, X', t)h(x’, ') dx"dt’+h(x,t). (12)
00

,D,J'Iﬂ PE30/IbBEHTBI UMEEM OLIEHKA

s < fe .
- , n—1 - A\ 11
CZ (|a12|(x—x )) 2 (|321|(t_t )) eat1(x-x")gaz2(t-t') <
(n-1)! < (-1

n=1 n=

Z‘amam‘ t : ) ea11(x—x")ea(t-t') <

—1)l (n—1)!

< CelattHaz])(x-x)g(azzHaz1|)t-t)

OTkyna, yuuTbiBasd HepaBeHcTBa (7), nony4vaem, 4to psag (11) paBHOMeEpHO cxoauTcs, a ans pe-
30MbBEHTHI CNpaBeAnMBa 3KCMOHeHUMansHasa oueHka. HeTpygHo nonyunTb oueHku (8) ansa pelleHns
3agayn (10). AcHo, uTo peweHne (12) bygeT obnagaTb HENPepPbIBHLIMU YaCTHbIMU MPOU3BOAHBIMU.

3akno4yeHue

Takum obpasom, ans cuctembl (5) AoKasaHbl CyLecTBOBaHME W eOUHCTBEHHOCTb FMajKoro pe-
LIEHMS!, MMEIOLLEro OLEHKY (8) npu ycrnoBusax Ha KoadhmumeHTbl NpaBor YacTtu (7) U rpaHNYHbIX AaH-
HblX (6). OTO pelleHne MoXeT BblTb MoNyyYeHo M3 CooTHoweHus (12), Ana KOTOporo NocTpoeHa pe-
30MbBEHTA.
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