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BBepeHue

Llenbto HacToswen paboTel sBnsdeTca paspaboTka a¢pdeKkTMBHOrO MeToga TOYHOrO UHTErpupo-
BaHMA reofesnyecknux MOTOKOB Ha OAHOPOAHbIX G —MNPOCTpaHCTBaxX C WMHBAPWAHTHLIMU METpUKamu,
a Takke o606LLeHMe 3TOro MeToa Ha Crny4an COOTBETCTBYIOLLUMX KBAHTOBbIX PENSTUBUCTCKUX BOSHO-
BblX YPaBHEHWM.

1. Feoge3nyeckne NOTOKU C MHBapUAHTHLIMU MEeTPUKaMM.
MocTpoeHne KaHOHUYeECKOro npeoGpasoBaHus

Myctb G — cBsA3Has BewlecTBeHHas n—MmepHasa rpynna Jin, G — ee anrebpa Jln, H — (n—-m)—
MepHas 3aMkHyTada nogrpynna rpynnel G, H — anre6pa Jlv rpynnel H, M=G/H — ogHopogHoe npa-
Boe G-—npocTtpaHcTBO, n: G—>H — kaHoHM4Yeckasa npoekumst rpynnbl G Ha NPOCTPAHCTBO MpaBbIX
CMeXHbIX knaccoB M . MNMponsBOMbHLIN aNeMeHT rpynnbl MOXHO NpeactaBuTb B Buae g=hs(x), roe

heH, s(x)— rnagkoe nokanbHoe ceveHne s: G—M rnaBHoro paccnoenuns (G, M, n, H), = s=id.

O603Haunm vepes {ya} (a=1, ..., n—-m), {xa} (a=1, ..., m) — nokanbHble kKoOpAMHaThl B cnoe H
n B 6a3e M cooTBETCTBEHHO. JleBOMHBapuaHTHble BEKTOPHbIE Nons Ea(g), SBnsaOWmMeECcs reHepaTo-
pamu NpaBoro perynsipHoro npeacrasneHns rpynnbl G, B BbiGpaHHbIX KOOpANHATax MMEKOT BUA:

EA(9)=E4 (Y, X) 0,5 +X5(X) 0,a. (1)

OueBngHo, 4YTO BekTOpHble nonsa  Xa(x, 6X)=Xf\(x)6xa obpasytotr anrebpy Jin G:

[Xa, XB]=C2B Xc (3gpech CSB — CTPYKTYpHble KOHCTaHTbl anrebpbl G B HekoTopom Gasuce {€ea})

N 9BNAKTCA reHepaTopamu rpynnbel npeobpasoBaHni G, gencreytowen Ha M .
PaccmoTpm Ha ogHopoAHOM npocTpaHcTBe M npousBonbHy0 G —MHBapUaHTHYIO pUMaHOBY
METPUKY C KOMMNOHEHTaMU ggp(x), det(gap)=0. Ona gaHHONM MeTpukmn BeKTopHble nonsa Xa(x, Oyx) sB-

naTcs BekTopamu KunnuHra, 1o ecTb Ly ,gap(x)=0. 3aecb Ly, — npoussogHas Jv BOONb BEKTOP-

Horo nonst Xa(x, 0y ). ObosHaumm vepes {p5},(a=1, ..., m) — nokanbHble kKoopauHaTbl B croe Ty M.
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C NOMOLLIbIO €CTECTBEHHOMN MyacCOHOBOW CTPYKTYpPbl m=dp4; AdXx? Ha T*M ypaBHeHue reoae3nyeckmx
MOXHO NpPeacTaBuUTb B raMUIbTOHOBOW hopMeE:

x?={H(x, p). °|, Pa={H(x, p). pa}, H(x, P)=7-9%(x)paps. 2)

Anrebpa G onepatopoB Xa(X, 0yx) QOonyckaeT B obuwem crydyae anrebpy WHBapuMaHTHbIX
andbdepeHumnansHblxX 1 ncesgoamddepeHumanbHbIX onepaTopos L(X, 0y ):

[L(x, 8x), Xa(x, 8)]=0.

AnanorndHo, yHkuMn Xa(x, p)=X3(x)pa Ha T*M obpasytoT Ty xe camyto anrebpy Jln G oTHocu-
TenbHO ckobku MyaccoHa n gonyckatoT anrebpy MHBapUaHTHbIX YHKUMIA L(X, p) OTHOCUTENbLHO ny-
acCoHOBbIX Npeobpa3oBaHun, reHepupyemblx anrebpon G: {L(x, p), Xa(x, p)}:O. Bbibepem 6asnc

HE3aBMCUMbIX MHBAPWaHTHbIX YHKLUNIA {L“(x,p)}. OueBngHo, 4TO CckoOka [lyaccoHa dyHKUMI

L, (X, p) dyHKUMOHANbHO BbipaxaeTcs Yepes 3ToT Habop:
{Lus Ly =0y (L). (3)

MpocTtpaHcTBO F C Gasmcom {Lu(x,p)} N HENMNHENHBIMW KOMMYTaLUMOHHLIMU COOTHOLLEHUAMM (3) Ha-

3bIBalOT QhyHKUYUOHanbHoU anzebpol nnn F—anzebpol (kBagpaTUYHON, KybU4HOM 1 T. 4.).
Tak Kak ramunbTOHMAH reofe3nveckoro notoka ans G —MHBapMaHTHOW MeTpukn siBnsietca G —

NHBaPUAHTHOW (PYHKLUMEN OTHOCUTENBHO MHAYLMPOBaHHOIO AEUCTBUA rpynnbl Ha T M, To OH siBnsieTcs
(PyHKUMEN OT Ga3nCHbIX MHBapuaHToB L, (X, p), TO eCcTb H=H(L(x, p)). Hwxe mbl 6yoem nccnego-

BaTb WHTErpupyemMocTb cuctemsbl (2), rge ramunbToHnaH H — npousBonbHas G —MHBapuaHTHas
yHKumMst Ha T*M .
Beenem gyanbHoe K F NpOCTpaHCTBO F*:{au} C obpasytomnmn a, 1 B NPOCTPaHCTBE rMaakux

yHKUMA Ha F* onpegenum ckobky [MyaccoHa, npeBpaiwas Tem cambiM C*(F*) B nyaccoHOBY
anrebpy:

F op(a) oy(a
fo. wi© (a)=0 () 222 O11E), 4)
a, oay
HeTpuenanbHble ddyHKUMK Z,(a), KOMMYTUPYHOLLME C NOOLIMU OPYrMMU OYHKUMAMU U3 C*(F*), Ha-

3blBalOTCA QyHKUUSMU Kazumupa, a Yicno yHKLUMOHANbHO He3aBUCUMbIX yHKUMIA Kasumupa Ha F*
HasbiBaeTcst uHOekcom (ind F) F —anrebpbl. B pabote [1] nokasaHo, 4TO pa3MepHOCTb U nHaekc F—

anre6pb| MoryT ObITb MOcYUTaHbI NO cnegyrowmm nHBapuaHTHbIM d)opMynaM:
dimF=dimG/H-dimH/H*, ind F=dimG"/H" . (5)

3neck G* — anHynsTOp dyHKUMoHana AeHL, a H*=HNG" .
PaccMoTpyM cUMMMNeKTUYeckMe nUCTbl OOLLEero MOoNoXeHus €y Kak MNoBepxHocTu B F*,
napameTpusoBaHHble ind F— MepHbIM BELLECTBEHHbIM NapameTpom K :

ka{aeF*| Z/(a)=k;, 1=1 ...,ind F}. (6)

OrpaHunyenne ckobkn lNMyaccoHa (4) Ha CUMMMIEKTUYECKUIA NINCT HEBLIPOXOEHO U ONpPenensieT Ha Hem
CUMMMEeKTUYeckyto cTpyktypy. C yyetom cpopmyn (5) HETPYAHO HAaWTU Pa3MEPHOCTb CUMMIEKTUYECKO-
ro nucrta Q:

dimQx =2d(M)=dim F—ind F.
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Llenoe HeoTpuuaTensHoe ynucno d(M) HasbiBaeTca Oeghekmom OAHOPOAHOro npocTtpaHcTea M. An-
rebpa MHBapuaHTHbIX onepaTtopoB F ={Lu(x,ax)} ONA NPOCTPaHCTB HyneBoro aedekra KOMMyTaTMB-

Ha, NpUHaANeXuT LeHTpy obepTbiBatowero nons [1] u, cnegoeaTtensbHO, NPOCTPaHCTBA HYNeBOro ae-
dekTa ecTb KOMMYTaTMBHbIE NPOCTPAHCTBA.

BBegeM cTaHgapTHbIM 06pa3oM oTobpaxeHus MomeHToB w:T*M—>GHL un p:T*M—F* coot-
HOLLEHUSIMIA:

Pa=pa(x, p)=X3(x)Pa, ay=p(x, p)=L,(x, p).
OTobpaxeHnss MOMEHTOB 1L U p ONpeaenstoT bupaccrioeHue. ATO 03HAYAET, YTO KONMYECTBO HETPU-
BUanbHbIX yHKUMn Kasummpa K, (P) anre6psl [l G Ha GH-' cosnagaeT ¢ KonM4ecTBoM cyHKLMI
Kasumupa Z,(a) Ha F* 1 ux MOXHO BbliGpaTb cornacoBaHHbIM 06pa3oM:
Zm n=Km o Zy(L(x, p))=Km (X(x, p)); m=1,...,ind F. (7)
Myctb ind F— MepHbIA BELECTBEHHbIN NapamMeTp j HymepyeT opOuTbl KONpUCOegMHEHHOro
npenctaBnenns B GHL, a A(j) — npeacraButens opbuThI Owj) © GH-' . Beegem Ha opbute Ow(j)

koopauHaTtel apby (ny, g%), B KOTOPbIX cUMNNeKkTMyeckas opma Kupunnosa [2] mMeeT KaHOHWUYe-

ckmin Bua: dmy, Adq%, a=1 ...,dimO, ;). B nopaBnswllemMm 6GonbLIMHCTBE Chy4yaeB ANs KOBEKTOpa
o AJ) y p

LeG™ cyuiecTByeT HopmarnbHas nonsipusauus, T. e. noganrebpa Pol r=GC Takas, 4YTo
dim Pol x:dimG—%dimOk,Q,[Pol A, Pol A])=0, A+(Pol 1)* cO.

B aTom crniydae nepexof K KAHOHMYECKUM KOOpAMHaTaM 3afaeTcs BblpaxeHnem [3]
Xa(x, P)=Pa(q, m, j)=Pg(@)na+xa(aq X)), Km(P(q m j))=km(J). (8)
AHanornyHo, nepenaemM K KaHOHMYECKM KoopauHaTtam (U, v) Ha CUMMIEKTUYECKOM JIUCTE Q)
¢ cbopmoit dvg Adu®, =1, ..., d(M):
Ly(x, p)=ay(u, v, j), Zm(a(u, v, j))=km(j). (9)
Pacwupum cumnnekTuyeckoe npoctpaHcTBo QxOy )y € popmoit drnadg+dvAdu [0 cUMMNeKTude-

CKOro npocTpaHcTBa K romeomMopdHoro npoctpaHctey T*M nytem go6asnexus ind F nap KaHOHU-
YECKWN COMPSPKEHHbIX BENUYMH (1, j) 1 onpegeneHusi Ha K CMMMNNEKTUYeCckon qopMbi:

dImOx( ) d(M) ind F

D drgadq®+ Y dvgadu®+ Y djmadt™. (10)
a=1 a=1 m=1

CooTHowweHus (8) n (9) HeaBHbEIM 0Opa3oM onpeaensT nepemMeHHble (q, «, U, v, j) Kak QyHKUuuKn ne-
peMeHHbIX (X, p), B 4acTHOCTW, paBeHcTBa Kp, (X(x, p)):km(j) HEesIBHO onpeaensioT yHKUUU

im=Jm(x, p). Onpegenum euie otobpaxeHune T:T*M—K cooTHoLEHNEM
TM(x, p)=1". (11)

OueBunaHo, 4To oTobOpaxeHne A=(u, u, T): T"M—>K GyOeT CUMNNIEKTUYECKUM, T. €. NepeBoasLLNM

dopMy ®» B @ TOrAa v Tonbko Toraa, korga cyHkumm TM(x, p) ByayT yAoOBNeTBOPATb YpaBHEHUSIM:

(Tm, jic}=o, (T, q%}={T™M, mg }={T™, u®|={T™, vg|=0.
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30ecb npegnonaraeTcs, YTO NEpPEMEHHbIE @, T, U, V, j ABNATCA (OYHKUMSMW OT X U p, onpeaense-
Mble U3 cooTHoLeHun (8), (9).

B cuny Toro, 4to opMbl ® U ® HEBLIPOXAEHbI U Pa3MepPHOCTb NpocTpaHcTBa T*M pasHa pas-
MepHOCTM npocTpaHcTBa K, To A, onpegensemoe cooTHoweHuamu (8), (9) un (11), asnaetca no-

KanbHbIM CUMMNEKTUYECKUM OUEKTUBHBIM OTO6pa)KeHVIeM n ocywectBndaeTr TeM caMbiM NCKOMOE Ka-
HOHMYECKOoe npeoGpasoBaHme.

Mocne kaHoHU4eckoro npeobpasosaHus (8), (9), (11) ramunbTOHUaH H(L(x, p)) nepengeT B ra-

MUIbTOHNAH H(u,v,j)=H(a(u, v,j)) N ypaBHeHus (2) NpumyT BUA;

dua :8H(u, Vv, ./) dV& :aH(U,Y, ./) (12)

dt ovg dt ou®
d9 _dn_di o  di™ _OHW.v.)) (13)
dt dt dt dt Im

Cucrtema ypaBHeHui (13) TpuBManNbHO MHTETPUPYETCSH, ECNN N3BECTHO peLleHne cnctemsl (12). Taknm
06pa3oM, MHTErpupyemocTb WUCXOAHOW rammnbTOHOBOM G—WMHBapUaHTHOW CUCTEMbl 3KBUBAreHTHa
WUHTErpupyemMocTu cuctemsl (12).

AcHo, 4To ramunbToHOBa cuctema (12) ecTb pesynbTaT peaykuum WUCXOOHOW ramuIibTOHOBOW
cUCTEeMbI (2) Ha CUMMNNEKTUYECKWIA NUCT Q) pa3mepHocTn 2d(M). Mpu d(M)=0 (4To cooTBeTCT-
BYeT Crfydal KOMMYTaTUMBHOIO MPOCTPAHCTBA) NEPEMEHHBIX U, V HET, HET N cuctembl (12). MNamunb-
ToHoBa cuctema (12) niterpypyema Takxke v npu d(M)=1. B aTom cnyyae, nucnonb3sysi raMunbTOHMUaH

H(q, &, j) B kKayecTBe MHTerpana ABWXEHWSl, HETPYOHO MONy4YnTb pelleHus B kBagpaTtypax. OyeBua-

HO, 4To npu d(M)>1 cuctema (12) B obiem cnyyae He nHTerpupyema. Takmm obpasom, Mbl NPUXO-
OUM K crnefytouien Teopeme:

Teopema 1. [Npon3BONbHLIN rEOAE3NYECKMI MOTOK Ha OAHOpoAHOM npocTpaHcTBe M=G/H
¢ G—vHBapWaHTHOW pUMaHOBOW METPUKOWN peayumpyeTcs K aBTOHOMHOW 2d(M)— mepHOW ramunbTo-
HOBOW CUCTEME U, B YaCTHOCTU, UHTErpMpyem B KBagpaTypax Torga v Tonbko Torga, korga d(M)<2.

OTtmeTnm, UTO B paboTe [4] npMBOAMTCS KPUTEPUA MHTETPUPYEMOCTU NPOU3BOJTIbHBIX G— MHBapu-

aHTHbIX rAaMUNbLTOHOBbLIX cUcTeM Ha T*M B knacce uHTerpanos Hetep. B Hawmnx o6o3HauYeHnsIX aTOT
KpUTepwuii BbIrMaauUT criegyowmm obpasom:

dim(G"/H")+%dim(G/G7‘):dim(G/H),
4yTO ABNdAeTCA ycnosmem Hynesoro gedpekra d(M)=0. OgHako HMKakoro npotueopednsa ¢ Teopemon 1
3necb Het, TaK kKak npy d(M)=1 ramMmunbTOHMaH cucTemMsbl (2) He NPUHAOSIEXUT K Kraccy UHTerparnos
HeTtep. (HanomHum, 4to knacc uHTerpanoB HeTep coctouT u3 QyHKumii Ha T*M Buga o p,
0eC*(G").

2. UHTerpmnpoBaHue ypaBHeHnsa KnemHa — NopaoHa
Ha OAHOPOAHbIX NPOCTPAHCTBaX C MHBapPUaHTHbLIMU MeTpUKaMun

MpocTenwmm kBaHTOBbIM 0606LLEHNEM reofe3nyecknx NoTOKOB HA OAHOPOAHbIX MPOCTPAHCTBAX
SBNSIETCA BOSIHOBOE ypaBHeHue KnenHa — [opAoHa. B aToM crniyvyae raMunbTOHWAH reofe3andeckoro

NnoTOKa 3aMeHsIeTCs Ha COOTBEeTCTBYOLWMI onepaTtop Jlannaca — benbTtpamu A:H(X (x, 0 X)) n pac-
cMaTpuBaeTCH ypaBHEHME Ha COBCTBEHHbIE 3HAaYeHWs Buaa:

Ap(x)=—m?g(x). (14)
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[na nHTerpnpoBaHusa ypaBHeHus (14) ocyllecTBUM Npoueaypy KeaHmoeaHusi opbut konpucoe-
OVHEHHOro NPeACTaBreHnsa N CUNNEKTUYECKMX NIMCTOB NyacCOHOBOW anrebpbl MHBAPUAHTHBIX (OYHKLWIA.
Myctb Q — narpaHxeBo noAMHoroobpasve opbuTbl KonpucoeanHeHHoro npeacTaBnenus O, j).
Peanusyem anre6py Jlu G nocpeacteom AnddepeHumarnbHbix onepatopos /4(q, dq,j)=iP(q, 0q, J),
koTopble 0bpa3syloT HenpuBoaMMoe npeacTaBrneHne anrebpbl G B npocTpaHcTBe YHKUMK Ha Q:

[la, /B]=C25/C- 3pecb @ — nokarnbHble KoopAMHaTbl HAa Q, a napaMeTpbl j, HyMepyowmne opbuTsbl

B GH-, yOooBnNeTBOPSIOT YCMNOBUAM LIEMOYUCIEHHOCTY OpBUT [3]. AHANOrMYHO MOXHO MOCTPOUTH He-
npuBogumoe npeacrtasneHme F—anrebpbl Ha narpaHXxeBom nogMHoroobpasmm U CMMMNeKTU4eckoro

nucta Qk(j)cF* C nomoLLbto onepaTopoB a, (U, oy, f): [a,, av]=—Quv(a).

PaccmoTpum Habop 0606LLEHHBIX PYHKLUNIA Déu(x) , onpeaensiemMblX CUCTEMOW ypaBHeHuI [5]:
(Xa(x, 0x)+1a(q. 8¢, j) D4y (x)=0,  (Lu(x, dx)—a,(u, du, j)Dhu(x)=0.

B HacToswen pabote Mbl He Byaem obCyxaaTb CMbICH PYHKUNIA Déu(x) C TOYKM 3peHUs Teopuu
NpeAacTaBneHnin rpynn U rapMOHMYECKOr0 aHanu3a Ha OOHOPOAHbIX MPOCTPAHCTBaX, a YNoOMSIHEM
NWLWb TOT (aKT, YTO AaHHbLIA HAbOpP SABNSETCA NOSMHbIM U OPTOroHanbHbIM Ha C* (M) .

B cnyyae G-wvHBapuaHTHOM METPUKN gqp(Xx) onepatop Jlannaca — bBenbTpammu MOXHO npea-

ctaBuTb B Buge A=A(L(x, 0x)). byoem nckatb 6asnc ypaBHeHus (14), Hymepyembli napameTpamm q
n j,BBuge:

94 (x)= [ 0} (u)Du(x) du(u),
U

Toraa ans yHKUMm (p{,(u) nony4mm crnegytollee pegyumpoBaHHOE ypaBHEHUE:

A(a(u, 8y, j)) @l (u)=—m2e}(u). (15)

Byoem HasbiBaTb ypaBHeHue (14) UHTerpupyemMbiM, eCriv HaxoXA4eHue ero pelleHns CBoauTCA K
BbIMMCIIEHNIO KBaApaTyp U WHTErPUPOBaHMIO OObIKHOBEHHbIX AnddepeHuManbHbiX ypaBHEHWA. Tak
Kak BBMAY MpuBeOeHHbIX NMOCTPOEHUN HaxoxaeHue pelleHust (14) 3KBMBANEHTHO WHTErpupoBaHUI0
peayumpoBaHHOro ypaBHeHus (15), Mbl NpMxoauM K cnegyowemn Teopeme:

Teopema 2. BonHoBoe ypaBHeHue KnenHa — [opgoHa (14) Ha OQAHOPOAHOM MPOCTPaAHCTBE
M=G/H c nHBapraHTHON PUMaHOBOW METPUKON peayumpyeTtcsa K auddepeHumnanbHOMY ypaBHEHUIO
¢ d(M) He3aBUCMMbIMU NepeMeHHbIMU 1, B YAaCTHOCTU, MHTErpupyemo Torga 1 TonbKo Torga, korga

d(M)<2.
OTmeTnM, 4TO ypaBHeHue (15) popmanbHO MOXHO Takke MONyyYnTb B pesyfbTaTte KBaHTOBaHUS
peayumpoBaHHOM raMnnNbTOHOBOK cucTemsl (12).

3akno4yeHue

Mepeuncnum elle pa3 OCHOBHbIE pe3ynbTaTbl, NOflyYeHHble B AaHHOM paboTe. Bo—nepBbix, no-
CTPOEH KOHCTPYKTMBHbIA anropuTM UHTErpupoBaHUs B KBagpaTypax reode3vyecknx NoTokoB Ha Of-
HOpOAHbIX G— NpPOCTpaHCTBax C MHBAPUAHTHBIMW PUMAHOBbLIMU CTPYKTypamu. Kak crneacreue, nony-
YyeHbl HeoOXoAuMMble W [OCTATOYHblE YCNOBUS WMHTErPUPYEMOCTU B KBagpaTypax YKasaHHbIX
raMmmrbTOHOBBIX cucTeM, obobuatowme pesynbtatel paboTbl [4]. Bo—BTOpLIX, NpuBeaeHo o6obweHne
0aHHOro anroputma Ha criydam MHTErpupoBaHUsS COOTBETCTBYHOLLMX BOSTHOBLIX YpaBHEHUN KnenHa —
"opaoHa Ha OAHOPOAHbIX NPOCTPaHCTBaxX C paccMaTpMBaeMbIMU METPUKAMM.
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